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Recent developments of modal-based aeroservoelastic modeling techniques extended the applicability
of the modal approach to almost all of the aeroservoelasticity related aspects of aircraft structural and
control design. The various techniques are reviewed and combined for an integrated design optimization
scheme, where stress, static - aeroelastic, closed-loop flutter, control margins, time response, and contin-
uous gust constraints are treated with a common basic model. The structure is represented in the basic
model by a set of low-frequency normal modes of a baseline design. Design changes are adequately
addressed without changing the generalized coordinates. Typical difficulties of the modal approach are
alleviated by various optional fictitious-mass and modal-perturbation techniques. Static modes can be
added during the optimization process for better convergence to the optimal solution. Minimum-state
rational approximation of the unsteady aerodynamics leads to an efficient state-space model that can be
augmented by any combination of linear-control components. A physical weighting algorithm is used to
improve the aerodynamic approximations and to select modes for truncation or residualization. The
reduced-size models and the associated analytic sensitivities to design changes facilitate extremely efficient
and adequately accurate on-line optimization sessions.

Nomenclature s = Laplace v:ariable ) )
[A] = steady generalized aerodynamic force [SU] = stress/strain coefficient matrix, Eq. (11)
coefficient matrix [T(iw)] = matrix of transfer functions, Eq. (34)
Aol, [A1], [A;] = aerodynamic approximation matrices, ! = time .
(Aol. [4.]. [4:] Eq (ly 8) PP {u} = aeroservoelastic input vector, Eq. (24)
b = sex;lichord Vv = true velocity
[[C,ik)N™| = matrix of absolute values of the g = least-squares weight matrix
respective terms in [C,(ik)]™" Win = pormahzcd least-squares weight
[Ci()] = dynamic matrix defined in Eq. (17) _ mh]_:‘;q' (3,1) input
[D], [E] = aerodynamic approximation matrices, w = WAIIE-No1se inpu
Eq. (18) W, = gust velocity
[G.] = control gain matrix {x} = aeroservoelastic state vector, Eq. (24)
[GZ ] = aerostructure spline matrix {x.}, {x.}, {x;} = aerodynamic, control, and gust states
[ ‘ — unit matrix {x}, {x:} = retained and eliminated state partitions
(K] = stiffness matrix {y} = aeroservoelastic output vector, Eq. (24)
k = reduced frequency, wb/V {y:}, (¥} = structural apd contrql oquuts
k, = tabulated reduced frequency Vi = aerodynamic approximation root, Eq. (29)
(L} = section loads vector {Au(®} = incremental forces resulting from stiffness
M] = mass matrix 5 _ cha?ges i bl
n, = number of aerodynamic states {8} = vector ol trim variables
Mgy = number of design variables & = total approximation error, Eq. (31)
Py Moy Ry = number of structural, control, and gust (Al = diagonal matrix of eigenvalues
modes {&} = structural modal dlsplacerpents
ny = number of aerodynamic approximation {o} = vector of stresses an,d strains
roots [ = power specyral c!ensny
n, = number of rigid-body modes [¢] = matrix of vibration modes
Ds, = change in kth structural design variable {w] f exge?nvectc(l)rs. mEEq. (166)
(0] = unsteady generalized aerodynamic force (] = static mode in Eq. (16)
coefficient matrix o = frequency of oscillations
[O] = appr9x1mated unsteady aerodynamic Subscripts
_ glatrlx. a = discrete structural analysis coordinates
1 - dyqamxg pressure ac; = related to the ith actuator
44 - esign dynaniic pressure . b = related to the baseline structure
[R] = aEerodlygnamlc approximation root matrix, c = related to control modes
q. (18) e = related to elastic modes
f = calculated with fictitious masses
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= related to rigid-body modes
related to sensor locations
related to gust velocity
related to gust response point
= related to trim variables
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Introduction

EROSERVOELASTICITY deals with the interaction of

aircraft structural, aerodynamic, and control systems. The
interaction affects the aircraft performance, structural integrity,
handling qualities, and growth potential. The increasing de-
mand for high-performance airplanes at affordable cost moti-
vated the development of automated design optimization
schemes that can deal with all of the aeroservoelastic design
requirements in an integrated manner."” The modeling meth-
odology has a critical impact on the usefulness of the opti-
mization scheme in realistic design cases. The considerations
in the development of a design-modeling methodology should
include 1) applicability to the various aeroservoelastic disci-
plines, 2) typical design scenarios throughout the aircraft de-
velopment process, 3) required levels of accuracy, 4) compat-
ibility with other analysis and synthesis codes, 5) modeling
cost and generation time, 6) efficiency in repetitive analysis,
7) availability of constraint sensitivity to design changes, and
8) user friendliness.

The aeroservoelastic design issues are static and dynamic
design loads, associated stress and strain levels, aerodynamic
stability derivatives, vibration levels, aeroelastic stability (di-
vergence and flutter), control stability robustness, and contin-
uous gust response. The common approach to the formulation
of dynamic aeroelastic equations® is the modal approach
where the structural displacements are represented by a limited
set of low-frequency natural vibration modes. Commonly used
structural analysis and optimization schemes such as ASTROS?
and NASTRAN® use the modal approach in the dynamic re-
sponse and stability disciplines, but the static aeroelastic and
stress disciplines are treated by the discrete approach with typ-
ically large-order finite element models with thousands of de-
grees of freedom. The computational costs associated with the
repeated construction of the full discrete finite element models
and the large-order analysis degrade the usefulness of the op-
timization scheme, particularly in the preliminary design stages
when extensive tradeoff studies for various design concepts
are needed.

Some techniques were developed to reduce the optimization
model size. Reference 7 used the equivalent plate approach,®
which requires special modeling efforts and might not corre-
spond to actual structures as well as standard finite element
models. It may provide, however, valuable information for pre-
liminary design with significantly lower model construction
efforts and computational cost. Reference 9 used the pertur-
bation-mode approach,'® in which the displacements resulting
from each loading case are linear combinations of the baseline
displacement vector and its derivatives with respect to the de-
sign variables. The problem size in this case is equal to the
number of global design variables plus one. The application
of Ref. 9 showed efficient and accurate solution in optimiza-
tion with one design-load case. This approach, however, does
not take into account load redistributions caused by structural
changes, and may become inefficient in optimization with mul-
tiple loading cases.

Another reduced-order modeling methodology resulted from
the extension of the modal approach to the static aeroservo-
elastic disciplines. The extension started with the aeroelastic
control effectiveness'"'? and static design loads.”® Further ex-
tensions to stress and strain considerations in design maneu-
ver cases required the development of modal perturbation
techniques."*~"7 In addition, the modal basis can be expanded
during the optimization process by including static modes, fol-
lowing the reanalysis concepts of Refs. 18 and 19. Local ef-

fects caused by concentrated loads or large structural changes
can be treated by fictitious-mass techniques.'**

The use of fixed-basis modal design models for the dynamic
aeroelastic disciplines started long before their usage in the
static disciplines.” Other than using a fixed basis, the formu-
lation in Ref. 21 was that of a classic frequency-domain flutter
analysis with transcendental unsteady aerodynamic force co-
efficient matrices.>® Some control-system effects can be ac-
commodated by the frequency-domain approach, but the ap-
plication of various modern control-design techniques™?
requires the aeroservoelastic equations of motion to be trans-
formed into a first-order, time-domain (state-space) form. This
transformation requires the aerodynamic matrices to be ap-
proximated by rational functions in the Laplace domain.**~**
The resulting aeroelastic state-space model can be augmented
by a control model for various aeroservoelastic optimization
studies with flutter, control stability margins, and continuous
gust constraints.””’~* Some of these techniques are currently
being implemented in ASTROS.*

Framework of an Optimization Session

The process of developing a new flight vehicle is based on
several major design cycles from the early conceptual design,
through preliminary, advanced, and final designs, to repeated
modifications after the vehicle is already in service. The need
for integrated analysis and design exists in all of these cycles,
even though the model details, the scope of investigated issues,
the required accuracy, and the range of design variables
change. Each design cycle starts with baseline linear structural,
as well as aerodynamic and control models, which are based
on previous design cycles. It is assumed that the structure is
modeled by a standard finite element model that is most likely
quite coarse at preliminary design stages and more detailed at
later stages. The aerodynamic model is used to calculate aero-
dynamic loads as function of the aircraft trim variables and
the elastic deformations. The control model is based on inter-
connected control elements (sensors, control laws, and actua-
tors), defined by their transfer functions or state-space reali-
zations. The design variables are selected structural gauges and
control parameters. While keeping the aerodynamic and struc-
tural planform geometry unchanged, the task of a basic opti-
mization session is to find the values of the design variables
that minimize the structural weight without violating the aero-
servoelastic behavior constraints.

A schematic description of a typical automated design ses-
sion is given in Fig. 1. The modal database is constructed for
a relatively large number of low-frequency vibration modes
(about 40), and additional kinematic control-surface deflection
modes and sinusoidal gust modes. The database contains all
of the ingredients for the various analyses and sensitivity cal-
culations throughout the optimization process. Each iteration
starts with combining the database ingredients for a reduced-
size aeroservoelastic model, followed by analysis and con-
straint sensitivity calculations. A constrained function mini-
mization scheme is used at the end of each iteration to progress
toward an optimum within prescribed move limits. The for-
mulation was arranged such that the computational cost of gen-
erating the database is relatively heavy, but the subsequent
model assembly, analysis, and sensitivity computations during
the design iterations are extremely efficient. Once a database
is constructed, the designer can perform numerous design stud-
ies, with various analysis parameters, control filters, design
constraints, and move limits with the same database.

Typical modal-based integrated optimization runs, with sev-
eral of the disciplines of Fig. 1 considered simultaneously, take
several minutes on today’s workstations.'*~'7?® This facilitates
on-line design studies and the integration of the basic opti-
mization scheme into a larger one that evaluates different de-
sign concepts with variable airplane geometry. More details on
the separation between database construction and design iter-
ations are given in the following sections.
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Fig. 1 Scheme of an optimization session.

Basic Modal Approach

The basic assumption of the modal approach in aeroservo-
elastic problems is that the structural displacements {u,} (static
or dynamic) in response to external excitation can be ade-
quately expressed as a linear combination of a relatively small
set of displacement modes:

(s} = [ (&) + [da{&} + [du{E} 1

where the vectors {&} are generalized displacements with the
subscripts 7, e, and c relate to the structural rigid-body, elastic,
and control modes, respectively. The structural modes in our
scheme are the n, lowest frequency normal modes [¢,,] =
[¢b..¢..] of the baseline structure, which satisfy the eigenvalue
problem

[Kaalldun] = Mool a][A] (€))

where [K,,] and [M,,] are the baseline finite element analysis
stiffness and mass matrices, respectively, and [A] is a diagonal
matrix of the corresponding eigenvalues, A; = w}, where w; are
the n, lowest natural frequencies including n, rigid-body ones
that equal zero. A convenient way to generate the kinematic
control modes [¢,.] in a standard finite element code is dis-
cussed in Ref. 28.

While the structural properties vary during the optimization
run, the generalized coordinates remain those of the baseline
structure. With the baseline modes normalized to unit gener-
alized masses, the generalized stiffness and mass matrices are
updated during the design process by

Ndv

(Kl = [A] + D, [Kuleps, 3)

where

[Khh]k = [d)ﬂh]T[Kaa]k[d)ah]

ngy

My My) = [T M) + O, My, Midip,, )
k=1

where

[Mh/l th]k = [¢nh]T[Maa]k[¢ah ¢ac]

where p,, is the deviation of the kth structural design variable
from its baseline value, and [K,.]: and [M,.]. are the deriva-
tives of the discrete structural matrices with respect to the
structural design variables. The coefficient matrices in Egs. (3)
and (4) are extracted from the finite element model and are
stored in the database.

Generation of Baseline Modes

The solution of Eq. (2) for a set of lowest eigenvalues and
the associated eigenvectors of the baseline structure generates
the fixed modal basis. The order of complete-aircraft models
for stress and aeroelastic analyses is typically 3000-30,000
degrees of freedom. Adequate solutions for this problem size
are standard features of common finite element codes.>'

There are several ways to affect the baseline modes to im-
prove their performance as fixed generalized coordinates
throughout the optimization run. The obvious way is to in-
crease their number, which, of course, adversely affects the
numerical efficiency in subsequent analyses. The number of
30-40 modes was shown in several studies'>~'"?® to be ade-
quate in realistic aeroelastic optimization studies. This rela-
tively high number of modes is required mainly for stress and
static aeroelastic constraints.

Another way to affect the baseline modes is by using the
Guyan’s static condensation.”’ While in the regular discrete-
coordinate approach, static condensation is just a numerical
option with no effect on the static results, it does affect modal-
based results through its effects on the modes taken into ac-
count. In many cases the condensation is not effective and
might even increase the modal-based errors.'” However, when
applied to structural parts that are not subject to redesign, the
condensation was shown in Ref. 17 to yield accurate results
and cause a significant reduction in computation time. The
formulation required to support the static condensation option
(when modal-based optimization is integrated in a standard
finite element code) is also given in Ref. 17.

A major disadvantage of the modal approach is in its inac-
curacy in predicting local response to concentrated loads. This
difficulty can be cured by adding large fictitious masses at the
points of force application when the baseline modes are cal-
culated.'®* The eigenproblem of Eq. (2) is replaced by

[Kaa][(bf] = [Mna + Mf][d)f][Af] (5)

where [M;] is a matrix of the added fictitious masses in desired
locations. This is solved for the n, eigenvalues [A/] and eigen-
vectors [¢y]. The structural displacements are now expressed
as linear combinations of the new modes [¢,], and reduced-
order models for the original structure (without fictitious
masses) are obtained when the fictitious masses are removed,
the n, X n, eigenproblem

AW = 1 — &/MlYlIA] (6)

is solved for the n, eigenvalues [A] and the square eigenvector
matrix [¢]. The baseline modes are then calculated by

(] = [D11¥] @

The low eigenvalues in [A], and the associated modes in
[¢.] are typically almost identical to those of the nominal
finite-element model. The highest-frequency modes reflect lo-
cal deformations and are not necessarily actual physical natural
modes. They are requested, however, to account for local de-
formations in subsequent analyses. The use of fictitious masses
is extremely effective in cases where most of the external loads
are fairly well distributed (such as in aerodynamic loading),
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but a few specific points are loaded by large concentrated
forces (such as in store release® or actuator application®
cases). Fictitious masses can also be used to facilitate modal
coupling in repeated analysis with many store configurations,™
and to allow large local structural changes without changing
the modal basis.”

Static Aeroelastic Considerations

Static aeroelasticity deals with quasisteady aircraft maneu-
vers where elastic deformations caused by a disturbance, and
the associated changes in aerodynamic loads and rigid-body
accelerations can be assumed to reach static equilibrium im-
mediately. While this assumption is usually adequate for ma-
neuver and divergence analyses, the full dynamic equations
(see later sections) may have to be considered when the vi-
bration roots are close to the rigid-body stability roots, as hap-
pens when the aircraft is very large or flexible, or when unique
configurations such as the forward-swept wing are involved.
The basic assumption implies that the elastic deformations are
orthogonal to the rigid-body modes. While the classic discrete-
coordinate approach® needed a series of operations to imple-
ment this condition, the basic modal approach got it automat-
ically because of the orthogonality of free—free elastic modes
to the rigid-body ones.'' Mathematically, the basic assumption
implies that the effects of the elastic velocities and accelera-
tions, {£,} and {&.}, on the static aeroelastic equilibrium are
negligible.

Linear static aeroelastic codes are commonly based on aero-
dynamic panel methods that produce Mach-dependent force
coefficient matrices that relate aecrodynamic loads on the panels
to local angles of attack. Pre- and postmultiplications of the
panel matrices by modal deflections and slopes, transformed
to the aerodynamic grid by spline techniques, generate the
steady aerodynamic force coefficient matrix [A,,]. The splined
modes can also be used to generate the generalized force co-
efficient matrix [A,;], where the subscript & relates to the vector
{6} of trim variables such as angle of attack, control surface
deflection, and roll rate.

The formulation and solution of static—aeroelastic equilib-
rium equations in modal coordinates were presented in Refs.
15 and 16. A general form of the equilibrium equation is

_qArr _qAre Mrr gr qArg
—qA., K..— qA.. M. | & =|qAs 8)
m, ur " o[ lE) Lo

The last row in Eq. (8) relates rigid-body displacements to the
elastic ones. For the baseline structure [M,,] = 0 and, hence,
{£,} = 0. However, when the structure changes, a nonzero {,}
is needed to enforce orthogonality between the elastic defor-
mations and the rigid-body modes."> Equation (8) yields the
trim equation

M€} = qlA,;){8) ©)
where
(A, = (1) + glA K. 7'M M) )™
X ([A) + qlA, K. [A.sD)
where
(R..) = [K..] = q([A.] — [A]IM,) ' [M.]"]
[A,] = [A.d ~ [AJIM, ] [M,]

The flex-to-rigid ratios between terms in [A,5] and [A,s] define
the aeroelastic effectiveness parameters that can be used as

optimization constraints. The aeroelastic effectiveness of other
aerodynamic coefficients, such as a hinge moment resulting
from trim variables in [A ], can also be calculated in a similar
way. Hinge-moment constraints may play an important role in
cases where the maneuvers are limited by hydraulic force sat-
uration.”> Divergence occurs when [K..] of Eq. (9) becomes
singular. This is a structural divergence where (under the basic
assumptions) the structure breaks before rigid-body motion
starts. Aerodynamic divergence that involves rigid-body mo-
tion is discussed later.

The solution of Eq. (9) for the n, free trim variables and the
recovery of {&.} and {&.} by Eq. (8) facilitates the calculation
of the net loads

{P.} = qlGr) ([Au) {8} + [ALHE} + [ALHED

- M) HED (10)

where the aerodynamic matrices contain panel load coeffi-
cients because of trim parameters and [G,,] is the structure-to-
aero spline matrix.

It can be observed that the trim variables, net loads, and
effectiveness constraints are functions of the design variables.
The differentiation of Eqgs. (8—10) with respect to the design
variables results in analytical sensitivity expressions."® The or-
der of Eq. (8) is typically two to three orders of magnitude
smaller than the equivalent one in common discrete-coordinate
schemes, which facilitates huge computation time savings in
modal-based optimization with static aeroelastic considera-
tions. The accuracy of the modal approach has been shown to
be very high in several realistic static—aeroelastic design
studies.'>"*""

Stress and Strain Considerations

Element stresses and strains can be related to the structural
displacements by

{o} = [SUN{u)} 11

where [SU] is a fixed matrix, and {u,} is a subset of {u,},
obtained after clamping »n, selected degrees of freedom to elim-
inate rigid-body displacements. It was shown in Ref. 14 that
the use of Eq. (1) with a small number of modes to calculate
the displacement vector is fairly adequate for stress analysis
only with the baseline structure. The use of the basic modal
approximation of Eq. (1) might be grossly inaccurate for stress
analysis with structural modifications. The most accurate way
to perform stress/strain analysis is by updating the full finite
element stiffness matrix and solving for displacements under
the updated loads of Eq. (10), as done in Ref. 13. This hybrid
approach is easy to implement when the modal and discrete
schemes are integrated in one code.'® It might be very ineffi-
cient, however, with large models, or in computation schemes
in which the modal database is generated by a discrete scheme
and then exported for optimization with a separate modal-
based scheme, as done in Ref. 14.

Reference 14 modified the basic modal approach by supple-
menting the modal database with modal perturbations. The dis-
placement vector for stress analysis of the modified structure
is expressed as

{w} = {w}, + {Au"} (12)

where {u,}, is the elastic displacement of the baseline structure
under the modified net loads, and {Au"} is the incremental
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displacement change caused by forces applied by the added
material on the baseline structure. The subscript / in the fol-
lowing formulation indicates {u,}-related matrix partitions.
The first term of Eq. (12) can be formulated by the mode-
displacement (MD) approach as'*

(w1}, = (i) ([1] + A [E pxk[KeeJkD (£} (13

Alternatively, when the discrete and modal-based codes are
integrated, it is more effective to use the summation-of-force
(SOF) approach using the already decomposed baseline stiff-
ness matrix to calculate

{ul}bSOF = [Ku]_l{Pl} 14)

The second term in Eq. (12) is

Nav

{Au} = —[K,]™ [E psk[Kll]k[(;ble]:l {&) (15)

where the products [Kj]i[¢.] are modal force perturbations
that can be stored in the database before the optimization
starts.'> When the optimization is performed in a separate code,
it is more efficient to premultiply the modal perturbations by
[SUYK,]™" [see Eq. (11)] during the finite element run and
store them in the database as modal stress perturbations.'* An-
alytical expressions for the sensitivity of stress constraints in
design maneuver load cases, which take into account loads
redistribution effects, are given in Refs. 14 and 15. The for-
mulation necessary for using static condensation in conjunc-
tion with modal-based stresses is given in Ref. 17.

Reference 15 describes implementation of the modal-based
static aeroelastic and stress formulation in ASTROS and ap-
plication to design cases with 3761 and 26,259 structural de-
grees of freedom. It was shown that the total CPU time re-
quired for modal analysis and the construction of a database
for modal-based optimization was similar to that required for
a single discrete analysis. It was also shown that modal-based
design iterations were between one and two orders of magni-
tudes faster than the discrete-coordinate ones. A design itera-
tion includes a detailed analysis, sensitivity analysis, and an
approximate optimization within the user-defined move limits,
and under the assumption that the gradients are not functions
of the design values. With the modal database already con-
structed, a modal-based design iteration in the 3761 degree-
of-freedom case took 24 s on an Indigo 2 SGI workstation,
which implies that realistic design studies can be performed in
an on-line manner. Modal results were in excellent agreement
with the discrete ones for all of the analyzed cases. Compar-
isons were also good at the end of optimization cycles with
considerable design changes. However, it was indicated that as
the structure is being changed, the stress errors associated with
the modal approach might grow beyond acceptable levels. It
was recommended to update the modal database when design
variables are changed by more than 10%.

To allow larger move limits between database updates, Ref.
16 used the first-order displacement approximation of Eq. (12)
to calculate higher-order approximations in an iterative pro-
cess. It improved the accuracy of the resulting stresses, but
somewhat slowed down the modal-based process. A more cost-
effective approach is to expand the modal basis to include the
local deformations calculated by Eq. (15) in a previous itera-
tion. A scheme for supplementing the modal basis by new
static modes {¢,,} in each iteration, is presented in Ref. 37.
The new mode is based on the incremental displacement vector
{Au"} of Eq. (15) as calculated at the end of the previous

iteration, orthogonalized with respect to the current modal co-
ordinates such that the resulting {¢,,} satisfies

(i) [Kulo{ i} = {0} (16)

Even though different static modes are added for different ma-
neuver design cases, the expansion of the database is very
effective and improves the accuracy of both static aeroelastic
and stress constraints for a moderate computational cost.

State-Space Dynamic Equations of Motion

The Laplace transform of the open-loop dynamic aeroelastic
equation of motion in generalized coordinates, excited by con-
trol-surface motion and atmospheric gusts, is

[COUES) = —(Mis” + glOn (D))
= (@/V){Que()}we(s) a7

where
[Ci(9)] = [1‘4;#.]52 + [Busls + [Ki] + qlQui(s)]

where {&,} is the vector of generalized structural displace-
ments, {£.} is the vector of control-surface commanded de-
flections (namely the actuator outputs), w, is the gust velocity,
and [Q,.], [Qx.], and {Q,,} are the generalized unsteady aero-
dynamic force coefficient (AFC) matrices associated with the
structural, control, and gust modes. The generalized matrices
[K,.), [M,,], and [M,.] are defined in Eqgs. (3) and (4). The
generalized damping matrix [B,,] is usually a constant matrix
based on estimated modal damping values. Specific discrete-
coordinate damping terms can be treated similarly to the stiff-
ness terms in Eq. (3).

The main difficulty in constructing and solving Eq. (17) is
that the AFC matrices are normally not available as an explicit
function of s. Common unsteady aerodynamic routines assume
that the structure undergoes harmonic oscillations and generate
the complex AFC matrices (at a given Mach number) for var-
ious values of tabulated reduced frequency k = wb/V, where b
is a reference semichord. Frequency domain methods are then
used for dynamic response and stability analysis with the AFC
matrices interpolated from the tabulated ones. The integrated
design models used in this work are based on state-space, time-
domain, constant coefficient equations, which requires the
AFC matrices to be expressed as rational functions of s.

Reference 38 showed that any rational function approxi-
mation of [Q(s)] = [Qn0r-Ose] that leads to a state-space
aeroelastic model can be cast in the form

[O(P)] =[Ao] + [Ailp + [A:]p* + [D)Up — [RD'[Elp  (18)

where p is the nondimensional complex Laplace variable p =
sb/V and all of the matrix coefficients are real valued. The [A;]
and [E] matrices in Eq. (4) are column partitioned as
[Al=1[A, A, A,] (i=0,1,2), [E]=I[E, E. E] (19)

The gust-related column of [A,] in Eq. (4) is usually set to
{A,.} = 0 to avoid the unnecessary W, terms in the time-do-
main model. The resulting state-space open-loop plant equa-
tion of motion is

I 0 of[& 0 I 0f|é&

0 -M, O[{&(=|K B. D|{é&

o o 1]l 0 E. RJ lx,
0 0o of([é% 0 0

+|R B. M |{&p+|R B, {‘?E} (20)
0 E o]z 0 E| M
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where

[M,] = M) + (gbIVA[AL),  [Ki] = [Ki] + qlA,,)
[B.] = Bl + (gb/V)[AL],  [M.]=[M,] + (gb’/VPIA,]
[K]=4qlA,], [B]l=(gb/V)A,].  [D]=q(D]
[R] = (VID)IR], (K.} = q{A,}

{B,} = (gb/V){A,},  {E,} = (/V){E,}

The resulting number of aerodynamic augmenting states in
{x.} is the order (n,) of the aerodynamic lag matrix [R].

It is assumed in this work that the control system, including
the actuator dynamics, can be expressed in a state-space form
as

{x:} = [Ad{x.} + [B]{u}

(21)
{y.} = [CHx.} + [DJ{u}

where {y.} includes two types of control outputs: 1) control-
surface motion states {£.}, {£.}, and {§ }, and 2) other outputs
needed for control system analysis. The [D,] rows associated
with the control-surface motion states are zero because the
actuators are modeled in our scheme by the third-order transfer
function

&) ais

Uoe(S)  8° + ans® + aps + ai

(22)

where u,,, is the commanded (input) control surface deflection.
Higher-order actuator dynamics can be defined by connecting
additional transfer functions in series to u,., as part of the con-
trol-system model discussed in detail in a separate section.

It is also assumed that a gust filter can be defined in the
state-space form

{%:} = [A{x;} + {B.}w

(23)
{y.} = [CHx,}
where {y,}” = [w,w,] such that the power spectral density
function of the gust velocity w, is obtained when w represents
a white-noise process.
Equations (20-23) combine for the open-loop aeroservo-
elastic state-space equation

[Z){x} = [Al{x} + [Bl{u} + {B.}w

24)
{y} = [Cl{x} + [Dl{u}
where
&, 0 0
£, 0 0
{x} = X, (> [B] = 0 » {Bw} = 0 > {y} = { }
x, Bc 0 Ye
Xg 0 Bg

where {y,} may include structural displacements, velocities,
accelerations, and element stresses, and {y.} is the control out-
put of Eq. (21). Structural motion parameters are related di-
rectly to {&,}, {g,,} and {§,,} via the modal values [¢;,] at the
sensor locations. Structural stresses are related to the subset
{&.} of {&,} by the MD version of Egs. (11-15). In any case,
none of the structural outputs is directly related to w or {u}.

The aeroservoelastic loop is closed by relating the control
inputs to system outputs by

{u} = [GH{y} (25)

The substitution of Eq. (25) into Eq. (24) yields the closed-
loop equation of motion

(Z1{#} = [Al{x} + {B.}w (26)

where only the control related row of [A] is different than that
of [A] in Eq. (24). A control input term {#} can be left in the
right side of Eq. (26) to reflect pilot commands in dynamic
response analyses.

The control systems of actively controlled vehicles is usually
designed in three different stages. The basic system is designed
with no, or very little, aeroservoelastic considerations. Modi-
fications are then performed for a family of aeroelastic plant
models given in the form of Eq. (20). The modified system,
which is normally a function of the flight conditions, is then
included in the model of Eq. (24) for an integrated design
process. The control model can be defined at this stage by Egs.
(23) and (25) such that the control design variables appear as
gain terms in [G,]. In this way, the differentiation of the system
matrices of Eqgs. (24) and (26) with respect to the control de-
sign variables p,, is straightforward. Other nonzero terms in
[G.] are those with respect to which control stability margins
are to be defined in terms of gain and phase margins and sin-
gular values.””

Because the aerodynamic planform shape and the general-
ized coordinates are fixed throughout the basic optimization
process, the derivatives of the system matrices with respect to
the structural design variables p,, are very simple expressions.
The only portions of [Z] and [A] that depend on p,, are the
generalized structural matrices of Eqgs. (3) and (4). The output
matrix [C] depends on p;, only in cases of acceleration or stress
feedback.

The order of the aeroservoelastic state-space model is a
function of the number of aerodynamic approximation roots,
the number of selected modes, the order of the control system
(including sensors, control laws, and actuators), and the gust
filters. Important aspects of these issues are discussed in the
following sections.

Rational Function Approximations

Various techniques for rational function approximations of
the AFC matrices were reviewed in Refs. 25 and 40. Most
methods are variations of either the least-square method of
Roger** or the minimum-state (MS) method.”® All of the tech-
niques use the frequency-domain-tabulated AFC data to gen-
erate a least-square approximation of the coefficient matrices
in Eq. (18) with the nondimensional Laplace variable p re-
placed with ik. Separation into real and imaginary parts leads
to

Re[Q(iK)] = [F(k)] = [Ao] — K’[A;] + K[DI,’1I] + [R]Z)_'([ZE7 ])

and

Im[Q(ik)] = [G(k)] = k[A|] — KID)K’U] + [Rlz)"l[R][E( ]2 5

The comparison of Egs. (27) and (28) with the real and imag-
inary parts, [F(k;)] and [G(k)], of the tabulated AFC matrices
[O(ik))] provides an overdetermined set of approximate equa-
tions. With the diagonal root matrix [R] defined by the user,
the task of the approximation procedure is to find the combi-
nation of the coefficient matrices ([A.], [D], [E]) that fits the
tabulated data in the least-square sense. The differences be-
tween the various approximation methods can be expressed in
terms of the approximation formula, constraints, and data
weighting.
The original formula of Roger’s approximation is

[OG] = [Ao] + ik[A] — K*[As] + 2 [A1+2] (29)

k+
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which can be cast in the form of Eqgs. (27) and (28) with

Y. As

D=1 ---], [R]=— Lo} (E]=] A,

(30

The matrix coefficients of Eq. (29) are found by solving a
separate least-square problem for each term of [Q], with n,
common approximation roots ;. The resulting number of aero-
dynamic states is n, = n, X n,, where n, is the number of
vibration modes. The modified matrix Padé (MMP) method*
applies Eq. (29) to each column separately in a way that allows
the number of lags and their values to be different for different
columns, which can lead to a lower number of states. Typical
values of n, in Roger’s and MMP applications are 2—4, which
implies that the number of aerodynamic states is typically
larger than the number of structural states when Roger-type
approximations are used.

The MS method added the terms of [D] to those of [A],
[A,], [A.], and [E] as free approximation coefficients, and al-
lowed the diagonal values in [R] to be distinct. The task is to
find the free approximation coefficients that minimize, under
some constraints, the total least-square approximation error
(summation over all i, j terms and all frequencies /)

&= |2 10,Gk) — QuGik)PW2 31)

i)l

where W,;, is the weight assigned to the ijth term of the /th-
tabulated AFC matrix. Weights can be used by the analyst to
force better fits for selected aerodynamic terms at specified
frequencies, or for simply normalizing the tabulated data. A
physical weighting algorithm, which assigns weights according
to effects on aeroelastic characteristics, is discussed in the fol-
lowing section.

Because [D] and [E] are both unknowns, the least-square
problem is nonlinear. The unconstrained iterative solution®*?*
starts with an initial guess of [D]. A linear least-square routine
is then applied to solve for [Ac], [A,], [A,], and [E], column
by column. The resulting [E] is then fixed and a least-square
problem is solved for [A.], [A,], [A:], and [D], row by row.
Such [D] — [E] — [D] iterations are repeated for a predefined
number of iterations or until the error of Eq. (7) is converged.
Unless ill-conditioning occurs in the least-square solution, the
total error, Eq. (31), is reduced monotonously.

The full development of the approximation process is given
in Ref. 41. The number of unknowns in the unconstrained
problem is 3n, + n, in each [D] — [E] solution and 3(n, +
n. + n,) + n, in each [E] — [D] solution. In the current
context, constraints are conditions in which the approximation
is forced to match the tabulated data exactly at some reduced
frequencies. The resulting equations are used to eliminate [A;]
matrices from the set of unknowns. Earlier MS developments
enforced three approximation constraints to each [Q] term in
a way that eliminates [Ao], [A], and [A,]. In this way the re-
sulting least-square solutions in the [D] — [E] — [D] itera-
tions became of order n, only, at the cost of increased error
level. Because some approximation constraints are desired
anyway, and because the increased approximation error was
relatively small in many applications, the three-constraint ap-
proximation became a common practice. Reference 41, how-
ever, showed that the jth least-square problem in an uncon-
strained [D] — [E] iteration has the structure

Cll O C13 Cl4 AQJ bl
0 Cp 0 GCul A, b,

ip= 32
Ca 0 Cu Cul)as™ )b G2

Cli Ciu Cu Cul \E b,

where [C,,], [C2], [Ci3], and [C;;] are diagonal, and [C,,] sym-
metric. This structure facilitates an efficient solution through a
sequential reduction of the problem size, which is only slightly
larger than the three-constraint solution.

A detailed description of the minimum-state procedure
where the user can use any number of approximation con-
straints between 0 to 3 is given in Ref. 41. Several stud-
ies??%4%*" compared the aeroelastic models resulting from the
MS, Roger, and MMP approximations. The number of aero-
dynamic states, n,, in the MS models were about 75% smaller
than those of the Roger’s models with similar accuracy, and
40-70% smaller than those of the MMP models. The addi-
tional computational cost because of the nonlinear nature of
the MS rational approximation process is not severe because
it is performed only at the database construction part of the
basic optimization process, and is not involved in any sensi-
tivity analysis (the modes are fixed). The number of aerody-
namic states required for an adequate accuracy with the MS
method in typical aeroservoelastic design models'***** is 4—
10. A smaller number of states is required when the physical
weighting technique of the next section is applied.

Physical Weighting

The physical-weighting algorithm developed in Refs. 26, 42,
and 43 was designed to weigh each term of the tabulated data
such that the magnitude of the weighted term indicates its rel-
ative importance in the aeroelastic solution. The idea is that
the weight assigned to a data term should be proportional to
the estimated effect of a unit approximation error on a repre-
sentative aeroelastic property. Different representative proper-
ties were selected for the structural, control, and gust-related
partitions of the AFC matrices. The error effects are estimated
by the differentiation of the selected aeroelastic properties with
respect to the aerodynamic terms. The weight calculations are
performed with the coefficients of Eq. (17), with s replaced by
ik,VIb. The weighting dynamic pressure is g = g, at which the
open-loop system is stable.

The weights assigned to the terms of a structure-related AFC
matrix [Q,,(ik;)] are based on their effect on the determinant
of the system matrix [C,(s)] of Eq. (17) with s = ik,. The partial
derivatives of this determinant with respect to Q,,, (ik)), divided
by the determinant itself, is shown in Ref. 26 to be the absolute
value of the (i, j) term of [C,(ik;)]”'. Hence, the weight matrix
associated with [Q,,.(ik)] is

[W/hh]l = qul[Cs(ikl)]ﬂlT (33)

The weights assigned to the terms in the jth column of a
control-related AFC matrix [Q.(ik;)] is based on the open-loop
Nyquist frequency response of the jth actuator to excitation by
the jth control surface, with all other actuators locked. The
actuator response is related to the modal response by

{8.(iw)} = [TU)][ul{ (i)} (34)

where [T(iw)] is a matrix of transfer functions relating actuator
outputs to sensor inputs. The transfer functions used for phys-
ical weighting should be simple and not necessarily related to
particular aeroservoelastic parameters. Structural, narrow-band
filters with high sensitivity to parametric changes should not
be included as it may result in the assignment of low weights
to important aerodynamic data terms. The jth Nyquist return
signal is obtained by substituting {&,(s)} of Eq. (17), with s =
iw and with zero right-hand side except for the terms associ-
ated with £ . The weights assigned to O, (ik) is the magnitude
of the partial derivative of the Nyquist signal with respect to
Q,,Cu(ik,), which is shown in Ref. 26 to be equal to the (i, j)
term of the weight matrix

(Wil = gITRI bl [C, K] [ (3%
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The weights assigned to the terms of the gust column

{Q:,(ik;)} are based on the power spectral density (PSD) of .

the open-loop response of a selected structural acceleration to
continuous gust, derived from Eq. (17):

@, (k) = |(kiqVIb*) [ dnl[Crn(ik)] ™ {Qng (i)} Pu(k)  (36)

where [¢.,] is a row vector of modal displacements at the
selected response point, and ®,,(k) is the PSD function of the
associated gust velocity. The weight assigned to Q,,,(ik)), is the
partial derivative of \/®,(k;) with respect to Q,, (ik;), which
yields the weight vector

{Wigh = (kigVID)|[dal[C.(k)) V@, (k)  (37)

The proposed physical weighting identifies the important
generalized aerodynamic terms and their frequency range of
particular importance. It might produce, however, extreme
weight variations between terms. When applied in a single
least-square solution, such weight variations have the effect of
neglecting much of the data, which may cause numerical ill-
conditioning problems and unrealistic curve fits. To ensure re-
alistic interpolation between the tabulated k values, and to fa-
cilitate the application of the resulting aeroelastic model to a
variety of flow conditions, structural modifications, and control
parameters, it may be desirable to moderate the weight varia-
tions. This can be done by one or a combination of the fol-
lowing means: 1) assignment of relatively large damping pa-
rameters in [B,,] in Eq. (17), 2) widening the weight peaks,
and 3) scaling up the extremely low weights. Various appli-
cations demonstrated that the resulting aeroservoelastic models
were adequate for analyses with large variations of dynamic
pressures,”**'~* control gains,”** and structural param-
eters.”®*

Elimination of Structural States

The relative magnitude of a weighted aerodynamic term is
a measure for its aeroelastic importance. When all of the
weighted aerodynamic terms (over frequency) of a certain
mode are small, the associated modal displacement and veloc-
ity can be eliminated from the vector of independent states by
either truncation of residualization.”?’ It is assumed at this
point that the aeroservoelastic model of Eq. (24) has already
been established with an initial set of vibration modes, and
that it is now desired to reduce the model size by eliminating
the structural states that have a negligible effect on the model
accuracy. The state vector {x} is partitioned into two subsets,
{x,} and {x,}, where {x,} is to be constrained and eliminated
from the state vector, and {x,} is to be retained. In our case,
{x:} includes all of the aerodynamic, control, and gust states,
and the retained structural states, and {x,} includes only struc-
tural states {&,} and {&}.

The state elimination is performed by partitioning Eq. (24)
according to {x,} and {x,}, using the bottom partition for elim-
inating {x,} as

{x2} = [Fl{x\} + [Gl{u} + {G.}w + [H]{x;} (38)

and then substituting Eq. (38) in the top petition of Eq. (24).
The coefficients of Eq. (38) depend on the type of the state
elimination procedure.

The simplest and most commonly used size-reduction tech-
nique is truncation. It is based on the assumption that the elim-
inated states have no effects on the dynamics and on the output
of the system, namely the coefficient matrices of Eq. (38) are
all zero. The resulting model is that of Eq. (24) where all the
rows and columns associated with {x,} are truncated.

Static residualization assumes that the {&,} effects are im-
portant but the {&} and {&,} effects may be neglected. It can
be shown’that the resulting [G] and {G,} coefficients in Eq.
(38) are zero, which means that the output part of Eq. (24)

remains with no noise term and that its {y,} partition remains
with no control term either. These features help in subsequent
dynamic stability and response analyses. Also, as shown in
Ref. 27, the matrix coefficients of the resulting state-space
equation have the same topology (zero partitions) as those of
the full-size equation [Eq. (24)]. The static residualization as-
sumption is actually the one applied to all the elastic modes
in the static aeroelastic equilibrium equation [Eq. (8)].

The dynamic residualization technique of Ref. 27 retains the
effects of both {£} and {&.} on the retained states, but still
neglects the effects of {&,}. The resulting reduced-size model
matrices do not keep their original topology and may have
nonzero control and gust terms in the output equations. How-
ever, the accuracy of the reduced-size models may increase
significantly. Reference 28 demonstrated a 10-step aeroservo-
elastic optimization case where 14 out of the 25 database
modes were dynamically residualized with a negligible effect
of the optimization results. The total number of states was
reduced from 62 to 34, reducing the CPU time per optimiza-
tion step by 75%. Because of the changed topology, Ref. 28
used the reduced-order models to calculate the stability and
response constraints, but reverted to the full model for the
sensitivity calculations. Reference 45 extended the residuali-
zation formulation to sensitivity analysis and demonstrated ad-
ditional time savings. The extension facilitates efficient appli-
cation of modern robust-control design methods that are based
on sensitivities of the plant matrices.

Control System Model Assembly

The control system is modeled as an interconnection of three
types of basic control elements in addition to the actuator el-
ement of Eq. (22). The element types are 1) single-input/sin-
gle-output (SISO) s domain transfer function, 2) multi-input/
multi-output (MIMO) subsystem given in the form of the
state-space realization matrices of Eq. (21), and 3) zero-order
junction (JNC) element. The interconnections among the con-
trol elements and between them and the aeroelastic plant can
be either fixed or through variable gains. A schematic example
of a control system, from sensor outputs to actuator inputs, is
shown in Fig. 2. This structure facilitates efficient assembly,
control margin calculations, and sensitivity analysis with re-
spect to control design variables. A SISO element is to be used
to represent analog filters, and a MIMO element typically rep-
resents a control subsystem defined in a separate design pro-
cess. The G, connections in Fig. 2 represent variable gains with
respect to which control margins are calculated. The control
margins used in aeroservoelastic design are either SISO gain
and phase margins calculated with the gain connections opened
one at a time, or MIMO margins in terms of singular values.”

The control elements of Fig. 2 are assembled in the database
construction phase of the optimization process in the state-
space form of Eq. (21). This assembly implements the fixed
interconnections that are marked in Fig. 2 by the thick links.
The G, connections remain open in this realization. The control
element arrangement is designed such that each control gain
connects an output term {y.} with an input term {z} in Eq.
(21), which yields a diagonal [G,.] in Eq. (25). For a given
architecture of the control system, the individual elements in
Fig. 2 can always be defined such that the control design var-
iables p,, appear as control gains. The use of the variable gains
as control design variables in the aeroservoelastic optimization
process is very convenient because the associates sensitivity
analysis is straightforward.**

Dynamic Stability and Response Considerations

The use of fixed-basis state-space aeroservoelastic models
in optimization with dynamic stability and response consider-
ations is detailed in Refs. 28, 44, and 46. The efficiency of the
optimization process is obviously affected by the order n of
the state-space model, with the CPU time proportional to n” to
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Fig. 2 Control system interconnection model.

n’. Additional modeling issues that affect the optimization ef-
ficiency are discussed next.

The main ingredients for the sensitivity analysis of stability
and response constraints are the derivatives of the state-space
matrices of Eq. (26), which are based on the matrices of Egs.
(20-25). The use of a fixed modal basis implies that the struc-
tural design variables affect only the partitions that depend on
the generalized structural matrices [M,,], [M,.], and [K,.].
Such partitions appear in Eq. (20) and in the acceleration and
stress outputs in Eq. (24). The linear dependence of the gen-
eralized matrices on the design variables, as in Egs. (3) and
(4), is usually adequate. The use of higher-order terms, such
as in important bending effects where structural matrices de-
pend on structural design variables in a nonlinear manner, does
not add a significant difficulty.*® As discussed in the previous
section, the control design variables affect the closed-loop sys-
tem matrix (26) only through the diagonal gain matrix [G.] in
Eq. (25).

Dynamic response constraints to either deterministic*® or
continuous-gust*® excitations may require special modeling
considerations, as they should appear as outputs in {y,} of Eq.
(24). The application of the motion and stress outputs dis-
cussed after Eq. (24) as optimization constraints might be too
costly, particularly in time-response cases, because of the large
number of parameters to be monitored and differentiated. A
practical approach is to monitor integrated section load param-
eters, such as shear forces and bending moments, and to assure
that they do not exceed previously defined loads envelopes.

The inclusion of integrated loads as outputs of Eq. (24) re-
quires the definition of kinematic integration load modes [¢,,].
The integration can then be performed by either the MD or
the SOF approaches. The extension of the dynamic loads for-
mulation of Ref. 32 to our fixed-basis case yields the MD
section loads

{LMD(t)} = [MLh][Mhh]_l[Khh]{fh(t)} (39)

where [K,,] and [M,,] are the updated generalized matrices of
Egs. (3) and (4), and [M,,] is defined similarly to [M,.] in Eq.
(4), with [¢,.] replacing [¢,.]. The SOF section loads are cal-
culated by

{Lsor(®} = [ ]"(P.(0} — IMLE®) (40)

where {P,(#)} is the external loads vector, including the un-
steady aerodynamic loads. While the SOF expression is more
accurate, it requires the inclusion of integrated aerodynamic
matrices [Q;,0:.0;.] in the rational approximation process. It
can be done without increasing the model size and without
affecting the coefficient matrices of Eq. (18), which are already

defined for [Q,,0.0Oh.). The already defined [E] is used in a
single [E] — [D] iteration, explained after Eq. (31), that cal-
culates special loads-related [A,], [A,], [A.], and [D] matrices.
The use of the approximation matrices for including SOF loads
in the outputs of Eq. (24) is detailed in Ref. 32.

Conclusions

A whole array of size-reduction techniques for the deter-
mination of efficient static and time-domain aeroservoelastic
models were presented. With all of the techniques using a com-
mon set of 30—-50 fixed generalized coordinates, aeroservo-
elastic optimization can be performed in a single very efficient
integrated process. Fictitious masses can be used to facilitate
an accurate account of local loads and large structural changes.
Perturbation modes allow the inclusion of stress considerations
in static maneuvers and dynamic response cases. The regular
modal basis can be expanded to include static displacement
modes calculated in previous optimization steps, which in-
creases accuracy and accelerates convergence. Various rational
function approximation methods for the unsteady aerodynamic
force coefficients were reviewed with a common notation.
Among those, the classic Roger’s method is the easiest to ap-
ply, but its resulting number of aerodynamic states is typically
larger than that of the MS method. With physical weighting
of the aerodynamic data, the number of MS aerodynamic states
is small relative to the number of structural states. The physical
weights can also be used to rate the structural modes according
to their relative aeroelastic importance. The less important
modes can then be eliminated by either truncation, static re-
sidualization, or dynamic residualization. The control system
was included in a very general way, which allows convenient
interaction with other control synthesis processes, and easy
inclusion of control design variables in the structural design
process. The optimization algorithm was designed such that
the relatively heavy computations are performed in a prelim-
inary database creation run. Numerous design studies with dif-
ferent design cases, behavior constraints, side and move limits,
and analysis options can then be performed in an efficient, on-
line manner.
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